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Program

¨ Computer Animation vs Traditional Animation

¨ Basic Techniques
¨ Advanced Techniques
¨ Modeling and Animating Articulated models 
¨ Animating Natural Phenomena 
¨ Virtual Reality/Virtual Environments
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Chapter 3

¨ Advanced Techniques
¤ Automatic Camera Control

¤ Hierarchical Kinematic Modeling
¤ Forward Kinematics
¤ Inverse Kinematics

¤ Rigid Body Simulation
¤ Flexible Objects
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Automatic Camera Control

¨ Position and orientation of the camera
¤ Capture conversation

¤ Follow action
¤ Emphasize spatial qualities

¨ The animator is more concerned with effectively 
showing an action taking place than with getting a 
particular camera angle.
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Automatic Camera 
Control (cont.)

¨ When using high-level algorithms to control the 
motion of objects

¤ The animator may not be able to anticipate the exact 
positions of objects during the animation!

¤ So, it is difficult to know exactly how to position and 
orient the camera
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Automatic Camera 
Control (cont.)

¨ Camera position + center-of-interest

¤ Center-of-interest
n Relative to the positions of one or more objects in the animation

¤ A static camera can be used to track an object by 
attaching the center of interest to the object center point
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Automatic Camera 
Control (cont.)

¨ Constrain the Camera’s Position

¤ Predefined plane
n Keep the camera at a specified altitude so that it can capture the 

action below.

¤ Along a line segment or curve
n Path following
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Automatic Camera 
Control (cont.)

¨ A Camera can be attached to an object of 
interest 

¤ The front or “Over the shoulder”
¤ A point directly above

¨ Efficient use of automatic control requires 
experience.
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Hierarchical Kinematic Modeling

¨ Hierarchical modeling is the enforcement of 
connectivity constraints among objects organized in a 
treelike structure.

¨ Planetary system is one type of hierarchical model
¤ Moons rotate around planets;

¤ Planets rotate around a sun;
¤ Which move in a galaxy.
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Hierarchical Kinematic Modeling (cont.)

¨ Hierarchical models or Articulated models
¤ Objects are connected end to end to form multibody 

jointed chains. 
¤ Useful for modeling 

animals and humans.
¤ The hierarchical structure 

of the model maintains 
automatically the limbs 
attached one to another.
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Hierarchical Kinematic Modeling (cont.)

¨ Typical joints used in computer animation
¤ Revolute join

n One link rotate about a 
fixed point of the other 
link

¤ Prismatic join
n One link translates 

relative to another
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Hierarchical Kinematic Modeling (cont.)

¨ These joints allow motion in one direction.
¨ So, have one Degree Of  Freedom (DOF).
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Hierarchical Kinematic Modeling (cont.)

¨ Structures in which more than one degree of freedom 
are coincident are called complex joints.

¨ Complex joints
¤ Planar joint (2 DOF)

¤ Ball-and-socket joint (3 DOF)

¤ Typically, when a joint has more 
than one (n>1) DOF, it is modeled as a set 
of n one-degree-of-freedom joints connected.
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Hierarchical Kinematic Modeling (cont.)

¨ Hierarchical models are represented by a tree 
structure of nodes connected by arcs.

¤ The highest node of the tree is the route node.
n Corresponds to the root object of the hierarchy whose position is 

known in global coordinate system.

¤ The position of all other nodes of the hierarchy will be 
located relative to the route node.
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Hierarchical Kinematic Modeling (cont.)

¤ A global transformation is applied to the root node, and 
therefore, indirectly to all the nodes of the tree.

¤ This transformation can change over time in order to animate 
the position and orientation of the rigid structure.
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Hierarchical Kinematic Modeling (cont.)

¤ A node of the tree structure contains the information 
necessary to define de object part. 

¤ Rotational Joints
n The point of rotation on the object part is made to coincide with the 

origin.
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Hierarchical Kinematic Modeling (cont.)

¨ Arc and node definition
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Hierarchical Kinematic Modeling (cont.)

¨ The vertices of a particular object can be 
transformed for their final positions by 
concatenating the transformations higher up the tree 
and applying the composite transformation matrix 
to the vertices.

¨ TC=T0.T1.T2.T3
T0

T1
T2

T3
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Forward Kinematics

¨ Kinematics
¤ The motion of objects without reference to the forces which 

cause the motion.

Forward: A=f(a,b ) Inverse: a,b =f -1(A)
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Forward Kinematics (cont.)

¨ Evaluation of a hierarchy by traversing the 
corresponding tree produces the model in a position 
that reflects the setting of the joint parameters.

¨ The traversal follows a depth-first pattern from root 
to the leaf node.
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Forward Kinematics (cont.)

¨ A completely specified set of rotation parameters is 
a pose.

¨ In a simple animation
¤ A user may determine a key position interactively then 

interpolate joint rotations between key positions.

¨ Positioning a model by specifying all the joint angles 
is called forward kinematics.
¤ Can be a tedious for the user.

¤ It is a trial-and-error process.
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Forward Kinematics (cont.)

¨ To avoid the difficulties in having to specify all the 
joint angles, inverse kinematics is sometimes used.
¤ The desired position and orientation of the end effector 

are given, and the internal joint angles are calculated 
automatically.

24



13

Chapter 3

¨ Advanced Techniques
¤ Automatic Camera Control

¤ Hierarchical Kinematic Modeling
¤ Forward Kinematics
¤ Inverse Kinematics

¤ Rigid Body Simulation
¤ Flexible Objects

25

Inverse Kinematics

¨ The user defines the desired position and orientation 
of the end effector, and the joint angles are calculated 
automatically.

¤ The problem can have zero, one, or 
more solutions.
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Inverse Kinematics (cont.)

¨ If there are so many constrains on the configuration 
that no solution exists
¤ The system is called overconstrained

¨ If there are relatively few constrains on the system 
and there are many solutions
¤ The system is called underconstrained
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Inverse Kinematics (cont.)

¨ If the mechanism is simple enough, then the joint 
angles can be calculated analytically.

¨ However, if the mechanism is too complicated for 
analytic solutions, then an incremental approach 
can be used.
¤ The end effector is iteratively nudged until the final 

configuration is attained within a given tolerance.
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Inverse Kinematics (cont.)

¨ Solving a simple System by Analysis
¤ A simple two-link arm in two-dimensional space
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Inverse Kinematics (cont.)

¤ Any position between |L1-L2| and L1+L2 can be 
reached.
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Inverse Kinematics (cont.)

¤ The first step is to make sure that the position of the goal is 
within the reach of the end effector.

¤ But, how to calculate q1 and q2?
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Cosine Rule

A

B

C

q

32



17

Inverse Kinematics (cont.)

(cosine rule)
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Inverse Kinematics (cont.)

(cosine rule)
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Inverse Kinematics (cont.)

¤Most mechanisms of interest to computer animation 
are too complex to allow an analytic solution.
n So, the motion can be incrementally constructed.
n At each time step, a computation is performed that 

determines the best way to change each joint angle in 
order to direct the current position and orientation of the 
end effector toward the desired configuration.

n The computation forms the matrix of partial derivatives 
called the Jacobian.
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Inverse Kinematics (cont.)

¨ Example
Consider the simple three-revolute-joint

¤ The axis of rotation of each joint is 
perpendicular to the figure.
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Inverse Kinematics (cont.)

¤ The effect of an incremental rotation gi of each joint can be 
determined by:

gi = ri ´ vi

¤ The magnitude of each gi is a function of the distance 
between the location of the joint 
and the end effector.

r2

cross product
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Inverse Kinematics (cont.)

¤ The gi’s are recalculated 
in each step.

¤ Normally, the path is 
not linear.
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Rigid Body Simulation

¨ A common objective in computer animation is to create 
realistic-looking motion.
¤ Physically based reaction of rigid bodies to forces as:

n Gravity
n Viscosity

n …
n Forces resulting from collisions

¤ Creating realistic motion with keyframe techniques can be a 
daunting task.
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Rigid Body Simulation (cont.)

¤ The equations of motion can be incorporated into an 
animation system to automatically calculate these reactions.

¤ In rigid body simulation, various forces to be simulated are 
in the systems. These forces arise due to relative positioning 
of objects (e.g., gravity, collisions), object velocity (e.g., 
viscosity) or position of objects in user-specified vector 
fields (e.g., wind).
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Rigid Body Simulation (cont.)

¤ When applied to objects, these forces induce linear and 
angular accelerations based on the mass of the object (in the 
linear case)  and mass distribution of the object (in the 
angular case).

¤ Accelerations are integrated over a delta time step to 
produces changes in object velocity.

¤ Velocities are integrated over a delta time step to produces 
changes in object positions and orientations.
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Rigid Body Simulation (cont.)

Rigid body simulation update cycle

Object properties (position, 
orientation, linear and 
angular velocity, linear and 
angular momentum, mass)

Calculate forces
(wind, gravity, ...)

Calculate accelerations
from object's mass

Calculate changes in object’s 
positions, orientation, 
velocities, momentum
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Rigid Body Simulation (cont.)

¨ Example – A point in space

¤ To update the position of the point over time, its position x(t), 
velocity v(t),  and acceleration a(t), are used.

¤ If there are no forces applied to a point
n A point’s acceleration is zero
n Its velocity remains constant
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Rigid Body Simulation (cont.)

¤ In the absence of acceleration, the point’s position is update 
by its velocity:

x(t+dt) = x(t) + v(t) . dt

¤ A point velocity is update by its acceleration:

v(t+dt) = v(t) + a(t) . dt

¤ Accelerations arises from forces applied to an object over 
time.
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Rigid Body Simulation (cont.)

¤ To simplify the computation, a point’s acceleration is usually 
assumed to be constant over the time period dt. 
A point’s position is update by the average velocity during the 
time period dt.

x(t+dt) = x(t) + ( (v(t) + v(t+dt) )/2) . dt

x(t+dt) = x(t) + v(t) . dt + ½ a(t) . dt2

¤ So, we can define the update position in terms 
of the position, velocity and acceleration.

46



24

Rigid Body Simulation (cont.)

¤Modeling of a 
point position at 
discrete time 
intervals.
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Rigid Body Simulation (cont.)

¨ A note about Numeric Approximation
¤ The assumption that the acceleration remains 

constant over the delta time step is incorrect in most 
rigid body simulations;
n Many forces continually vary as the object changes its position and 

velocity over time.

¤Sampling the force at the beginning of the time step 
and using that to determine the acceleration 
throughout the time step is not the best approach.
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Rigid Body Simulation (cont.)

¤ Accuracy can be increased by taking smaller steps, but this 
can prove to be computationally expensive!

¤ Accuracy can also be increased by using better methods of 
integration.
n Runge-Kutta is a particular useful one.

¤ Second-order Runge-Kutta
n Which uses derivative information from the midpoint of the stepping 

interval.

¤ Higher-order Runge-Kutta methods are more accurate (e.g., 
fourth- or fifth-order Runge-Kutta).
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Rigid Body Simulation (cont.)

¨ Equations of Motion for a Rigid Body
¤ When a force is applied to an object not directly in line with 

its center of mass it is needed to consider the torque.

¤ To uniquely solve for the resulting motions of interacting 
objects, linear momentum and angular momentum have to be 
conserved.

¤ To calculate the angular momentum, the distribution of an 
object’s mass in space must be characterized by its inertia 
tensor.
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Rigid Body Simulation (cont.)

¨ Orientation and Rotational Movement
¤ Similar to linear attributes of position, velocity and 

acceleration, 3D objects have rotational attributes of 
orientation, angular velocity, and angular acceleration as 
function of time

¤ If an individual point in space is modeled, such as in a 
particle system, then its rotational information can be 
ignored.

¤ Otherwise the physical extent of the mass of an object needs 
to be taken into consideration in realistic physical simulations.
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Rigid Body Simulation (cont.)

¨ Angular velocity

¤ It is the rate at which the object is 
rotating irrespective of its linear velocity.

¤ It is represented by a vector, w(t ).
n The direction of the vector indicates the orientation of the axis about 

which the object is rotating.
n The magnitude of the angular velocity vector gives the speed of the 

rotation in revolutions per unit of time.

w(t )
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Rigid Body Simulation (cont.)

¨ Center of Mass
¤ In computer graphics, the mass distribution of an object 

is typically modeled by individual points, which is usually 
implemented by assigning a mass value to each of the 
object’s vertices.

¤ If the individual masses are given by mi, then the total 
mass of the object is given by
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Rigid Body Simulation (cont.)

¨ Center of Mass
¤ Assuming that x(t ) is the center of mass of an object. 
¤ If the location of each mass point in world space is given 

by qi(t ), then the center of mass is represented by:
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Rigid Body Simulation (cont.)

¨ Forces
¤ A linear force, F, applied to a mass, m, gives rise to a linear 

acceleration, a.

¤ This fact provides a way to calculate acceleration from the 
application of forces.
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Rigid Body Simulation (cont.)

¨ Forces
¤ The various forces acting on a point can be summed to form the 

total external force, F(t ).

¤ The rotational equivalent of linear force is torque. The torque
that arises from the application of forces acting on a point of 
an object is given by:
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Rigid Body Simulation (cont.)

¨ Momentum (mass times velocity)
¤ The momentum of an object is decomposed into a linear 

component and an angular component.

n The linear component acts on this center of mass;

n The angular component is related with center of mass, 
but depends of the mass distribution;
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Rigid Body Simulation (cont.)

� The linear momentum is (mass times velocity):

� The total linear momentum P(t) of a rigid body is the sum of 
the linear momentums of each particle.

� If the center of mass coincides with the origin of the 
coordinate system, then
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Rigid Body Simulation (cont.)

¤ Since the mass of the object remains constant, it is possible 
establishes a relationship between linear momentum and 
linear forces:

¤ So, the forces acting on a body is equal to the change in 
momentum;

¤ Interactions composed of equal but opposite forces result in 
no change in momentum.
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Rigid Body Simulation (cont.)

¤ The angular momentum is a measure of the rotating mass 
weighted by the mass’s distance from the axis of rotation.
n p is the linear momentum;
n r is the vector from the center of rotation to the point 

where the force is applied to the object.

60



31

Rigid Body Simulation (cont.)

¤ However, the angular velocity of an object does not 
necessarily remain constant even in the case of no torque.

¤ The angular velocity can change if the distribution of 
mass of an object changes.

¤ Angular momentum is a function of angular velocity, mass, 
and the distance the mass is from the center of mass.

¤ To maintain a constant angular momentum, the angular 
velocity must increase if the distance 
of the mass decreases.
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Rigid Body Simulation (cont.)

¨ Inertia Tensor
¤ Angular momentum is related to angular velocity in much the 

same way that linear momentum is related to linear velocity, 
P(t)=M . v(t ).

¤ So,

¤ In the case of angular momentum, a 3x3 matrix is needed to 
describe the distribution of mass of the object in space, the 
inertia tensor, I(t ).
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Rigid Body Simulation (cont.)

¤ The distribution of mass of the object in space

¤ The inertia tensor for a transformed object depends on the 
orientation. Thus, it is dependent on time.
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Rigid Body Simulation (cont.)

¨ The Equations
¤ The state of an object can be kept in a vector, S(t ), consisting 

of:
n Position;
n Orientation;
n Linear momentum;
n Angular momentum.

¤ Object attributes which not change over time are:
n Mass, M

n Object-space Inertia tensor, Iobject
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Rigid Body Simulation (cont.)

¤ The time derivate of the object’s state vector can now be formed:

¤ This is enough information to run a simulation with numerical 
method (e.g, Euler, Runge-Kutta).

¤ Care must be taken in updating the orientation of an object!  
(Rotation matrix can quickly becomes 
nonorthogonal and not of unit length)
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Rigid Body Simulation (cont.)

¨ Collision detention (see the book “Computer Animation”)
¤ When an object starts to move in any kind of environment other 

than a complete void, chances are that sooner or later it will 
bump into something.

¤ If nothing is done about this in a computer animation , the object 
will penetrate and then pass through other objects.

¤ Other types of contact include objects sliding against and resting 
on each other.

¤ All of these types of contact require the calculation of forces in 
order to accurately simulate the reaction of one object to 
another.
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Flexible Objects

¨ Various physically based approaches have been 
proposed that model:
¤ Elastic and inelastic behavior
¤ Viscoelasticity
¤ Plasticity
¤ Fracture 

¨ Flexibility is modeled by a spring-mass-damper
system.
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Flexible Objects (cont.)

¨ Spring-Mass-Damper
¤ Model each vertex of an object as a point mass 
¤ Each edge of the object as a spring

n Each spring’s rest length is set equal to the original length of the edge;
n A mass can be arbitrarily assigned  

to an object;
n Spring constants are assigned 

throughout the object to some 
user-specified value.

V1

V2

V3

E31

E12

E23
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Flexible Objects (cont.)

¤ As external forces are applied to specific vertices of the object:
n Vertices will be displaced relative to other 

vertices of the object;

n This displacement will induce 
spring forces, which will impart 
forces to the adjacent vertices as 
well as reactive forces back to 
the initial vertex;

n These forces will result in further 
displacements, which will induce 
more spring forces;

V1

V2

V3

E31

E12

E23

F
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Flexible Objects (cont.)

¤Drawbacks
n The number of vertices used to model an object and the 

length of edges used have an effect on the object’s 
reaction to forces.

n Using a different distribution of vertices to describe the 
same object  will result in a difference in the way the 
object reacts to external forces.
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Flexible Objects (cont.)

¤Dampers
n A damper introduces an additional force in the spring 

that works against the velocity of the spring length, thus 
helping to limit the speed at which a spring changes 
length.

n A damper imparts a force in the direction opposite to 
the velocity of the spring length and is proportional to 
that velocity.

n Additional spring dampers can help 
to stabilize the shape of an object.
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Flexible Objects (cont.)

¤Virtual Springs
n Introduces forces into the system that do not directly 

model physical elements.

n Virtual spring with zero rest lengths can be used to 
constrain one object to lie on the surface of another;

n Virtual spring with non zero rest lengths, to maintain 
separation between moving objects.

n Proportional derivative controllers are another type of 
virtual spring used to keep a control variable and its 
derivative within the neighborhood of desired values 
(e.g., to maintain a joint angle).
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